1 . Let (R, m) be a Noetherian local ring, I an ideal of R and M, N two finitely generated R-modules. The first result of this paper is to prove a vanishing theorem for generalized local cohomology modules which says that H j I (M, N ) = 0 for all j > dim(R), provided M is of finite projective dimension. Next, we study and give characterizations for the least and the last integer r such that Supp(H r I (M, N )) is infinite.
Introduction
For an integer j 0, the j th generalized local cohomology module H j I (M, N ) of two R-modules M and N with respect to an ideal I was defined by J. Herzog in [6] as follows [8] , [9] , [12] , [13] , [14] ...). But, there exist in general local cohomology modules of Noetherian local rings with infinitely many associated primes, see [11] .
Similar problems are raised for generalized local cohomology modules. It should be mentioned here that some basic properties of local cohomology modules can not extend to generalized local cohomology modules. For example, if N is I-torsion then H The purpose of this paper is to exploit Lemma 2.8 and Theorem 3.1 in the studying the finiteness of the supports and the finiteness of the set of associated primes of generalized local cohomology modules.
Our paper is divided into 5 sections. In section 2, we prove two auxiliary lemmas (Lemmas 2.7 and 2.8) and its consequence (Corollary 2.9) on the support of generalized local cohomology modules. In section 3, by using spectral sequences, we prove that H j I (M, N ) = 0 for all j > dim(R), provided M is of finite projective dimension (Theorem 3.1). This generalizes a vanishing result of generalized local cohomology modules with respect to the maximal ideal of J. Herzog and N. Zamani [7, Theorem 3.2] . In section 4, we use Lemma 2.8 and the notion of generalized regular sequences introduced by Nhan [14] to characterize the least integer r such that Supp(H r I (M, N )) is an infinite set (Theorem 4.1); from this we can describe concretely the finiteness of Ass(H r I (M, N )) (Theorem 4.5).
In the last section, we study the last integer s such that Supp(H s I (M, N )) is an infinite set (Theorem 5.1(a)); and we also give lower and upper bounds for s (Theorem 5.1(b)).
Preliminaries
Throughout this paper M, N are finitely generated modules over a Noetherian local ring (R, m). Let pd R (M ) denote the projective dimension of M . For any ideal I of R we denote by I M = ann R (M/IM ) the annihilator of the module M/IM and by Γ I the I-torsion functor. First, we recall some known facts on generalized local cohomology modules. 
• be an injective resolution of N . Then, for any j 0, we have (N )) is a finite finite, as required.
The next two lemmata are impotant for our further investication in this paper.
Lemma 2.7. Let N be the set of all positive integers and i ∈ N ∪ {+∞}.
Proof. We note first that 
is jth Bass number of N with respect to p. Note that for any p ∈ Ass(E j ) the sequence 0 → E
Let i ∈ N. For any j < i, and any p ∈ Ass(E j ) satisfying p ⊇ I M and p J i , we have Ext
For any j 0, and any
Proof. Let i ∈ N ∪ {+∞}, and
is exact for all n > 0. This induces an exact sequence
Until now one does not know about the last integer i such that H i I (M, N ) = 0, even for the case I = m. For example, assume that R is not regular local ring and pd
However, the following result shows that there is a union of only finitely many supports of generalized local cohomology modules so that the other supports can be viewed as its subsets. 
Supp(H
Proof. For any i ∈ N ∪ {+∞}, by Lemma 2.8, we obtain that
Moreover, by using basic properties of regular sequences, we get
Thus, by Lemma 2.8, we have . In this section we extence Herzog-Zamani's result for an arbitrary ideal I as follows.
Proof. We first claim that H 
Since
, we obtain by passage to direct limits the following convergent spectral sequence
Thus, for each t 0, there is a finite filtration of the module 
, and the claim is proved. 
is exact for some finitely generated R-module L. It induces an exact sequence of generalized local cohomology modules
By inductive hypothesis, we get H 
where we use the convenience that inf(∅) = +∞. Note that for an arbitrary R-module K, the condition for Supp(K) to be a finite set is in general not equivalent to the condition that dim(R/p) 1 for all p ∈ Supp(K). However, we have immediate consequences of Theorem 4.1 as follows. 
Let s be the least integer satisfying one of three equivalent conditions in (a), then max{r, γ} s < d − 1.
To prove Theorem 5.1(a), we need the following lemma. 
we can reduce the situation to the case t = 1. Therefore, there is an exact sequence 0 → U → N n → L → 0 for some n > 0 and some finitely generated R-module U. So, we get a long exact sequence
As Supp(U ) ⊆ Supp(N ), we get by induction that Supp(H 
